Abstract. This paper concerns conditions on the point inverses of a mapping between manifolds which insure that it is an approximate fibration almost everywhere. The primary condition is it,-movability, which says roughly that nearby point inverses include isomorphically on the ith shape group into a mutual neighborhood. Suppose/: Mm-> N" is a UVX mapping which is w.-movable for i < k -1, and n > k + 1. An earlier paper proved that / is an approximate fibration when m < 2k -1. If instead m = 2k, this paper proves that there is a locally finite set S c N such th!df\f~l(N -5) is an approximate fibration. Also if m = 2k + 1 and all of the point inverses are FANR's with the same shape, then there is a locally finite set E c N such that f\f~\N -E) is an approximate fibration.
1. Introduction. This paper is concerned with conditions on the point inverses of a map which imply that the map is an approximate fibration. In [C-D5] , it was shown that if/: Mm -^ N" is a UVX mapping which is w,-movable for i up to the middle dimension, then / is an approximate fibration (terminology will be explained later in this section). In this paper we study the consequences of relaxing the movability assumptions by one dimension and obtain results analogous to Lacher's finiteness theorems [LJ, [L3] . As in Lacher's work, there is an even-and an odd-dimensional case. Here are the statements of our main results in this direction.
Theorem 2.5. Let f: M2k -» A" be a mapping between manifolds with n > k + I. Iff is UVX and tt¡-movable for all i < k -1, then there is a locally finite set S C A such that f is an approximate fibration over N -S.
Theorem 4.4. Let f: M2k+X -> A" be a UVX mapping between manifolds, n > k + 1. If f is tt¡-movable for all i < k -1 and all the point inverses of f have the same shape and are FANR's, then there is a locally finite set E G N such that f is an approximate fibration over N -E.
The paper is organized as follows. In §2 we derive some algebraic information concerning the point inverses of our mappings and prove 2.5. §3 is devoted to a generalization of the winding function analysis used in [C-D3] and [C-D4] . §4 contains the proof of Theorem 4.4. In §5 we use the results of this paper to remove the nondegeneracy assumptions in [C-D3] and [C-D4] . Finally, in §6, we give several examples of mappings which illustrate the need for some of the hypotheses in our results.
We shall use the following notations and conventions. We use H' and H¡ for Cech cohomology and homology with Z (= integer) coefficients and tt¡ for "Cech homotopy", i.e., ñ¡(X) is the inverse hmit of the usual homotopy groups of a neighborhood system of X when X is embedded in an ANR. The worst spaces we shall encounter in homological calculations will be (pointed) FANR's [B] , [M] . Since the inverse systems associated with such spaces satisfy the Mittag-Leffler condition [0], we shall use tools such as the Mayer-Vietoris sequence and Universal Coefficient Theorems without further justification.
If /: is-> B is a mapping, then Fb denotes f~x(b) for b G B, and U denotes f~x(U) for U G B. We study inclusion maps so frequently that we adopt the following convention. Every unlabeled arrow or arrow labeled without explanation indicates an inclusion or inclusion induced homomorphism.
Let/: E -> B be a proper, surjective mapping between locally compact, separable metric ANR's. We say that / is irk-movable at b G B provided that for each neighborhood U0 of Fb there are open sets U and V with b G V c U c UQ such that for each c G V and each e G Fc, TTk(Fc, e) maps isomorphically onto the image of TTk( V, e) in TTk( U, e) under the inclusion induced homomorphisms. A map is TTk-movable if it is TTk-movable at every point of the range. The property Hk-movable is defined similarly using homology. Notice that a k-UV mapping [LJ is ^-movable and a k-uv mapping [L5] is Hk-movable. For definitions and basic properties of approximate fibrations, see .
We will need the following converse to Theorem A] in §4.
Lemma 1.1. Let p: E^B be a mapping between locally compact, separable ANR's. If p is UVX and tt ¡-movable for all i < k where k > 1, then p is H ¡-movable for all i < k.
Proof. Without loss of generality we may assume that E and B are 0>manifolds [C- Proof. Let y G A and suppose that y is a limit point of S. Let y be y together with a sequence in S converging toy. Let Wbe a Euclidean neighborhood of y and let B be a tame «-cell neighborhood of y in W. We may assume Y c B. By the above lemmas Hm~kB -> Hm~kY is epic and Hm~kB is finitely generated, so Hm~kY is finitely generated. This is a contradiction since y has infinitely many separated components with nontrivial cohomology.
Theorem 2.5. Let f: M2k -> A" be a mapping between manifolds with n > k + 1. Iff is UVX and tt¡-movable for all i < k -1, then there is a locally finite set S G A such that f is an approximate fibration over N -S. Proof. If y e V -K, we can choose a neighborhood V as in the above lemma so that Oy(x) ¥= 0 for all x G Vy. Then for x E Vy, ab(x) = ab(y)ay(x) > ab(y).
Lemma 3.4. If ab: V -» Z is a k-winding function, the set of points at which ab is continuous is dense and open in V.
The proof is a standard argument with lower semicontinuity. See [Bo, p. 395] .
The next lemma explains why we are interested in the analysis of winding functions. Proof. Let n = dim E. The set B0 = C\k-.2Bk is dense and open and / is //¿-movable over B0, 2 < k < n. By [C-D5] ,/is 77¿-movable over B0 for all k, so/is an approximate fibration over B0 [C-D2] .
4. The odd-dimensional case. Throughout this section we assume/: M2k+X -» A", n > k + 1, is a proper, surjective mapping between manifolds (without boundary) with UVX, FANR point inverses and is m¡-movable for i < k -1. The next lemma summarizes what has been proven about this situation up to this point. Proof. Statements (1) and (2) follow from Lemma 2.1 and Theorem 2.4. If y E A -S, by the Universal Coefficient Theorem [S] , rank(ZÇ/^,) = 0 if j > k + I, and HkFy is free. Also, H¡Fy s H¡FZ for all y, z G A and i < k -1 by the 7T,-movability and Lemma 1.1. By our Euler characteristic assumption, there is an integer q such that Hk(Fy) ^ Zq fox y G A -S. By Theorem 3.6 there is a dense open set A0 c A -S such that / is //¿-movable over A0, so / is an approximate fibration over A0 by [C-D3] . Now the arguments of Husch [H] show that for b G A0, Fb X V has the shape of a closed (2k + 1 -n + z')-manifold where T' is the z'-fold product of circles for some z. Then statement (4) follows from the Kiinneth formula.
Lemma 4.1 shows that if x(Fy) is constant, / is an approximate fibration except over a closed, nowhere-dense set E. To analyze the set E further, we need the following lemma whose proof is the same as that of Lemma 5 of [C-D4] . Proof. If Hk(Fy) = 0 for y G A -S, it follows from [C-D5] that / is an approximate fibration over A -S, so we may as well assume that n = k + 1 and Hk(Fy) s Z for all y G A -S. Since S is locally finite, we may assume that S is empty and that A0 (from Lemma 4.1) is the dense open set of points for which the three equivalent conditions of Lemma 3.5 hold. We can write A -A0 = D = £>, U D2, where £>, is perfect and D2 is countable. We claim that £>, is empty. To show this, we assume Dx =£ 0 and consider two cases.
Case I. Suppose Dx -K ¥= 0. Then Dx -K is dense in itself. Choose a point b G Dx -K and let ab: K-^Ä be a ^-winding function, where V n K = 0 and a > 0 on V. Since a\ V n Dx is lower semicontinuous, there is a point d G Dx D V such that a | V n Dx is continuous at d. Let W G V be a Euchdean neighborhood of d and let B be the interior of a tame «-cell in W containing d. Choose B small enough that a(d) divides a(y) for every y E B and a(y) = a(d) for every y G5n £>,. We claim that a(c) > a(d) for some c G A0 n B. Otherwise, a would be constant on B n (A0 u Dx), say a(c) = q. Then for any d2 G D2 n B, we would have a(d2) < q by Lemma 3.2 and a(dx) > a(d) = q, so a\B would be constant.
This would imply that ad = 1 on a neighborhood d by Lemma 3.3, so d E A0 by Hk+XB is finitely generated by Lemmas 2.2 and 2.3. Thus we have a contradiction and £>, is empty.
Case II. Suppose K D Dx. Then K2 is nowhere dense in K, so there is a point b E K -K2. Let ab: V^> R be a k-winding function such that V n K2 = 0. By the definition of /f and K2 there is a point c G V -K such that aft(c) = 0. By 3.2, we may assume that c E V -D. Also, since b £ K2, we may assume that ab(x) > 0 for x E K n K Let {<//} be a sequence of distinct points in K f\ V and choose {A'¡}, {A¡} and {4} as in Case I. It follows from Lemma 4.2 that Hk(Fc) -» Hk(A¡) is the zero map. As in Case I, let Tr = /_1(U •_, A,). It follows that Hk+x(Tr) = Zr~x, so that Hk+x(Tr) can be generated by no fewer than r -1 elements. This is a contradiction as in Case I. Thus D = A -An is at most countable.
Addendum. The set D2 is locally finite in A -S. Proof. Suppose there is a point d0 G D2, every neighborhood of which contains infinitely many points of D2. Let a : V -» R be a A:-winding function for / around some point inverse where d0 G V. Lemma 3.2 implies that for every d G D2 n V there is a c E A0 n V such that a(d) < a(c). But a is constant on An n V so a is bounded on V. Hence there is a sequence {d¡} converging to d0 such that a(d¡) = pa(c) for every i and some fixed p ^ 1. This yields a contradiction as in the previous proof.
Theorem 4.4. Let f: M2k+X -» A" be a UVX mapping between manifolds with FANR point inverses, all of which have the same shape. If f is Ti¡-movable for all i < k -I, n > k + I, there is a locally finite set E c A such that f is an approximate fibration over A -E. 5. A>sphere mappings. We now turn to the special case of a mapping/: S2k + X -* Sk+X with the property that each point inverse has the shape of Sk. This topic was studied in two of the antecedents [C-D3] , [C-D4] of this paper. However, one loose end was left which we now tie up. Specifically, the earlier papers assumed that the mapping was nondegenerate; i.e., K = 0. As a result of Lemma 3.1 we can now extend the earlier work to cover the case K ^ 0 as well.
Theorem 5.1. ///: S2k + X -> Sk+X, k > 1, is a k-sphere mapping, then f is an approximate fibration over the complement of a finite set, D u K. If K = 0, then D has no more than two points if k = 1, and no more points than the number of prime factors of the Hopf invariant of f if k > 2. If K =f= 0, then D = 0 and K is a singleton.
Proof. For k > 2, the first conclusion follows from Theorem 4.3 and its addendum since 5 = 0. For k = 1, one can apply the proof of Theorem 4.3 using 77, in place of Hk to obtain the first conclusion. The second conclusion follows directly from [C-D3] and [C-D4] Similarly, for each i, there is a mapping^-: Ej -»[y -l,y] where £, is a copy of £■, disjoint from E,,j =£ l,f¡ is defined the same way as/,. Let Ex = U7"1 -E, with fj~x(j) identified to/ + ¡(y) by a homeomorphism. Now take the one point compactification of Ex and identify the point at infinity with some point on /,"" '(0) to get the space E'. Now define/: E' -> Sx by/(x) = exp 2iri[fj(x)/(l + ^(x))] when
x G Ej and/(oo) = 1. Finally let E = E' X Bk, A = Sx X Bk, andp, =/ X id.
Then each point inverse of p, is a /c-sphere, butp, fails to be 7r¿-movable at each (x,y) where x = exp 2Tti(n/(n + 1)) for some nonnegative integer « andy E Bk. Example 6.2. There is a UVX map p2: S2k+X -* Sk+X, k > 3, such that p2 is 77-,-movable for i < k -1 and each point inverse is an FANR, but p2 fails to be Ac-movable along an arc.
Proof. By [C, Corollary 13] there is a map/: S2k+X -> S2*+1 such that one point inverse is a A:-sphere, the other nondegenerate point inverses are (k -l)-connected polyhedra, and the image of the nondegenerate point inverses is a tame arc A. Let g: S2k+X -> Sk+X be a Ar-sphere mapping [L4], [C-D4] , [F-W] . We may assume that A intersects each fiber of g in a point or the empty set. Then p2 = g ° / is the desired map. Note thatp2 is not /c-movable along g(A).
Example 6.3. For k > 2 there is a UVX mapp3: Sk X Sk+X -» Sk+X such thatp3 is 7T,-movable for i < k -1 and all the point inverses have the same shape, but p3 fails to be A>movable everywhere. Secondly each/~'(y -2~'+l,y + 2"'+1) consists of 2' intervals, of which two lie in each interval of f¡l\(y -2~'+2,y + 2~'+2) provided both \y\ and \y -1| are greater than 2~'+2. This shows that/~'(y) is a Cantor set whenever y =^0, 1. Those two point inverses are intersections of sequences of somewhat fewer intervals at each stage but nevertheless can be seen to be Cantor sets by inspection. To get such mappings onto B", n > 1, compose /with any mapping onto B" such that the point inverses are totally disconnected and 0 goes to Bd B". Proof of Example 6.3. There exists a UVk~x mapping/,: B2k+X -> B2k+X such that/, = id on Bd B2k+X, two point inverses are Ac-spheres, the other nondegenerate point inverses are wedges of two Ac-spheres, all of which fit together concentrically to form two (Ac + l)-cells meeting along a radius of each. (The 3-dhnensional and original example is Bing's "circles and figure eights" decomposition of S3 [Bi] .) Now consider B2k+X to be a (2Ac + l)-cell in Sk X Sk+X and extend /, to f2: constant Euler characteristic, but which is not an approximate fibration everywhere. (Compare this to Theorem 4.3.) Of course a Ac-sphere mapping alone shows that Theorem 4.4 cannot be improved to conclude that the map is an approximate fibration everywhere.
On the other hand if s: M -h> Q is a UVk~2 spine map on (2Ac -2)-manifolds which is not UVk~x andp: Q -> A*-1 is any fibration, then of a UVk~2 spine map cross ls% with a projection shows that w,-movability for i < k -2 does not suffice in Theorem 4.3.
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